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18. Find

22902 f(2x + 3y, xy) in terms of partial derivatives of
Xoy

the function f.

3 2

2x +3 =
6x6y2f(x+ y,Xy) %oy

0
= — /i1 +3x/i2 + 33 /o1 +37 f22)

18.

Bf1 +x/2)

0
= 5(91’11 + 6xf12 4+ x% f2)

= 18 f111 + 9yfi12 + 6 f12 + 12x fi21 + 6xyf122
+2x /2 + 2x% foo1 + X%y o

= 18 f111 + (12x 4+ 9y) fi12 + (6xy + 2x%) fizo + X%y oo
+ 6 f12 + 2x /22,

where all partials are evaluated at (2x + 3y, xy).
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2

dyox
the function f.

19. Find f(y?, xy, —x?) in terms of partial derivatives of

o2 5 5 0
ayaxf(y , XY, —x7) = 50}]’2 —2xf3)

= f2+2y% far + xyfa — dxyfa1 — 2x° f3,
where all partials are evaluated at (y?, xy, —x?).

19.
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20. Find
N 5r2as

the function f.

f(s%> —1,5 + t?) in terms of partial derivatives of

83
O0t20s
0
= a—t(—Qan + 4stf12 — fo1 + 2t f22)

2
20. P2 —ts 412 = a%(zsfl +f)

— %(—25]‘11 + (4st — 1) fi2 + 2t f22)

= 25f111 — 4stfi12 + 4sf12 — (4st — 1) fi21
+ 2t (dst — 1) fix + 2.0 — 2tfoo1 + 4t% oo
= 25f111 + (1 — 8s1) f112 + 4t 2st — 1) fizo + 4% o2

+ 4512 + 2 f22,
where all partials are evaluated at (s — 7,5 + 1%).
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21.

Suppose that u(x, y) and v(x, y) have continuous second
partial derivatives and satisfy the Cauchy—Riemann equations

ou dv v ou

a—x=5 and a=—$

Suppose also that f(u, v) is a harmonic function of u and v.

Show that f (u(x. y), v(x, y)) is a harmonic function of x

and y. Hint: u and v are harmonic functions by Exercise 15 in
Section 12.4.

Let g(x,y) = f(u,v), where u = u(x,y), v = v(x,y).
Then

g1(x,y) = filu,v)ui(x, y) + f2(u,v)o1(x, y)
&(x,y) = filu,0)uz(x, y) + fo(u,v)va(x, y)
g, y) = fiu, )un(x, y) + fi1 (@, 0) @i (x, y))’

+ fr2(u, v)ur(x, y)v1(x, y) + fo(u, v)o11(x, y)

+ for(u, v)ui(x, y)oi(x, y) + f22(u, v)(v1 (x,y))2
g2(x,y) = filu, v)uxn(x, y) + fi1 (u, v)u2(x, y))’

+ fi2(u, v)uz(x, y)oa(x, y) + f2(u, v)v2a(x, y)

+ fo1(u, 0)uz(x, YIoa(x, y) + fa(u, 0) 02(x, 1))’
gi(x,y) +gnlx,y)

= fi(u, 0)[uri(x,y) + u2(x, y)]

+ fa(u, v)[v11(x, y) + v22(x, y)]

+ [ G, ) + (2(x, )1 fi1 (u, v)

+ (106, 2))” + 2(x, 7)1 /o2 (w1, v)

+ 2[u1(x, y)o1(x, y) +u2(x, y)o2(x, y)] f12(u, v).

The first two terms on the right are zero because u

and v are harmonic. The next two terms simplify to
[(01)% + (02)?][fi1 + f22] = 0 because u and v satisfy the
Cauchy-Riemann equations and f 1s harmonic. The last
term is zero because u and v satisfy the Cauchy-Riemann
equations. Thus g 1s harmonic.
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22. If r? = x? + y? + z2, verify that u(x, y, z) = 1/r is
harmonic throughout R? except at the origin.

-

0
22. Ifr? = x> + y? + 22, then er—r = 2x, SO L
) 2 ox ox r
Similarly, 7 and T _ E If u = —, then
oy r oz r r
ou B 1 or o
ox  r2ox 3
o%u 1 +3x X _33:2—r2
ox2 3 ot S
Similarly,
o*u  3y*—r* 0w 322 —r?
e N -

Adding these three expressions, we get

so u 1s harmonic except at » = 0.
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H 23. If x = ¢®cost, y = e’sint, and z = u(x. y) = v(s.t), show

that
02z 9%z 92z 9%z
2 2
¥ —|_ ¥ = x —I_ 1
552 T ez - W TYI ga gz
23. If x = ¢’ cost and y = €’ sint, then
0
X _ ¢ cost a—y=essint
os o
6_x = —e' sint 6_y = e’ cost.
ot 0

oz

os
oz

ot
o2z

0s?

0%z _
orr

02z

ds?

s oz . 0z
— —=e cosSt— + e smt—

o0x ay
oz oz

S5 . k)
— = —e’smnt— + e cost—
0 0

X y

s 0z s . 0z
= ¢ CcosSf— 4+ e smt—
0x ay

+ée*cost | e’ cosrazz + &’ sint 6
ox2 oy ox

. E 02z 02z
+e’sint|e c:ost‘a + € smt—2

x0y oy
oz . oz
—e*cost— — &' sint—
o0x oy
¥ sint raz + t 0’z
—e*sint | —e’ sint— + &’ cos
ox?2 dyox

s .. &z 0%z
+ e’ cost | —e’ sint + e’ cost— |.
dx0y oy?

0’z o’z o7
-I-——ezs(cos t + sin t)( - +_z)

ox2  9y?

Cw (24 2).

ot?
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25. If u(x,y) = r? Inr, where r? = x? + y2, verify that u is a
biharmonic function by showing that

02 N 02 32u+32u _ 0
0x2  9y2 ) \ox2  9y2)

25. If u =r?Inr, where > = x> 4+ y?, then, since
or/ox = x/r and or/dy = y/r, we have

0
2 2r Inr —I—r)1 =x(14+2Inr)
ox r
0%u 2x?
@ =1 -+ 2Inr + r_z
2 2
2
5_u =1+4+2Inr+ nidl (similarly)
oy? r2
o’u  o’u 2(x? + yz)
axz+ay2=2+«41r.1r+ ", =4 +4Inr.
The constant 4 1s harmonic, and so is 4In7 by Exercise
, o’u  *u .
11 of Section 3.4. Therefore g + I; 1s harmonic, and
ox oy

so u 1s biharmonic.



